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Abstract 

In this letter we have analyzed an entangled state in having a positive 

partial transposition and have shown that it is an edge state. Further we have con- 
structed explicitly a witness operator W which detects the entanglement. 

PACS numbers: 03.67.-a 

1 Introduction 

Quantum entanglement , first recognized by Einstein, Podolsky and Rosen [l]and Schrodinger 
[2], is one of the most amazing features of quantum formalism. After over seventy years 
it is still a fascinating object from both theoretical and experimental points of view . To- 
gether with the development of its knowledge theoretically and experimentally a number 
of practical applications including quantum computation [3] and quantum teleportation 
[4] have been shown . 
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Given the vast importance of entanglement , what becomes very relevant are methods to 
distinguish between entangled and separable states. For low dimensional (2 2 and 2 
3) states there exist simple necessary and sufficient conditions for separability [5,6] which 
is based on the fact that separable states have a positive partial transpose. For higher 
dimensional systems all states with negative partial transpose(NPT) are entangled . But 
a very intriguing fact is the existence of entangled states in higher dimension having pos- 
itive partial transpose [7,8] . Thus the separability problem boils down to finding whether 
density operators with positive partial transpose (PPT) are entangled or not. 
Of specific importance in this context are the so called edge states [9] . A PPT entangled 
state g is called an edge state if for any e > and any product vector |e, f), g = g — e\e, f) 
is not a PPT state. Thus edge states lies at the boundary of PPT and NPT states. An 
interesting character that an edge state shows is extreme violation of the range criterion 
namely there exists no product vector |e, /) belonging to the range of the edge state g 
such that |e, /*) (conjugation is done with respect to the second system) belongs to the 
range of [9] . 

A very general method to distinguish between entangled and separable states is through 
witness operators and positive maps [6,10]. An entanglement witness W is an opera- 
tor for which Ti{Wp) < for entangled states p and Tj:{Wa) > for separable states 
(t[6,10]. Entanglement witness operators can be categorized as decomposable and non- 
decomposable. A decomposable entanglement witness W is an operator which can be 
written asW = P + Q'^^ ,where P and Q arc positive operators and transposition is done 
with respect to the second system. Witnesses which cannot be expressed in the above 
mentioned form are called non-decomposable [11]. 

A map A '■ B[Ha) — B{Hb) is called positive if it maps positive operators to positive 
operators, where B{Ha) and B{Hb) are sets of operators in Hilbert spaces Ha and Hb 
respectively. A positive map is called completely positive if any tensor extension of the 
map is also positive. A positive map is non-decomposable if it cannot be expressed in 
the form A = Af ^ + /\2^ T, where Af ^ is a complete positive map.In [6] the separabihty 
problem was solved for 2 (g) 2 and 2 (g) 3 systems using decomposable maps. Thereafter 
in [10] a family of non-decomposable maps were introduced for higher dimensions as de- 
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composable maps fail to recognize entangled states in those dimensions. 
In [9] it was shown that every PPTES (positive partial transpose entangled state) p can 
be expressed as p = (1 — \)psep + ^5 , where < A < 1, psep is a separable state and S 
is an edge state. Further it was shown in [12]that only a non-decomposable witness can 
detect a PPTES. In [7] a class of PPTES in (g) C"' was introduced. It was shown to be 
an edge state and an entanglement witness was constructed for the same in [12]. 
In this letter we take the other example in C^0C^ from [7] and construct an entan- 
glement witness for it. We first prove that it is an edge state and thereby construct the 
witness to detect it. We also show that the said edge state state violate the range criterion 
[7] in an extreme manner. Thus our work paves way for extensive work on detection of 
entanglement. Our work is organized as follows : 

In section 2 we prove the qutrit-qutrit state in [7] to be an edge state using procedures 
given in [9,12]. In section 3 we show the extreme violation of the range criterion by the 
edge state. In section 4 we construct the entanglement witness for the state and give it 
in the matrix form [9,12]. We end the letter with conclusions. 

2 Evidence in support of edge state 

In this section we prove that the state in given in [7] is an edge state. We subtract 
a product vector from the state and show that the resultant state is not a PPT. We use 

a step by step approach. 
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STEP 1: We start with the density matrix and its partial transpose: 
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where < a < 1. 

STEP 2: We identify one of the product vectors present in the range of pa as g^3j|12)(12|. 
Subtracting this vector from and taking the partial transpose we get : 
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STEP 3: We find the eigenvalues of tlie matrix given in (3). One of tlic eigenvalues of the 



matrix is 



8a+l 



a, which being negative proves that pa is an edge state [9]. 



3 Violation of the range criterion 

Here we show that the edge state given in equation (1) violates the range criterion ex- 
tremely. We denote the range of pa and p^^ by R{pa) and R{p^'^) respectively. A me- 
thodical approach is followed below: 
STEP 1: The kernel of a density matrix p is defined as 

]^ei{p) = {\x)eHA:p\x) = Q}. 

We enumerate the basis vectors belonging to the kernel of pa and p^^ below: 

(i) Vectors in the kernel of p„ : |00) + ^^§^|20) - |22), |11) + ^^^|20) - |22) 

(ii) Vectors in the kernel of p^«: -^g^|02) + ^^|20) + |22), -|12) + |21), -|01) + |10) 
STEP 2: Without loss of generahty we take an arbitrary product vector |e, /) e R{pa) 
as, 

|e, /) = (xilO) + + z^\2)) (g)(x2|0) + ?/2|l) + Z2\2)) (4) 
such that |e,/*) e 

|e, n = (xi|0) + + z^\2)) (g)(4|0) + yl\l) + zl\2)) (5) 
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where conjugation is done with respect to the second system and Xi, yi and Zi are complex 
numbers. 

STEP 3: We take the inner product of the vectors in equation (4) with the vectors in the 
kernel of pa- Similarly we take the inner product of the vectors in equation (5) with the 
vectors in the kernel of p^* . The inner products being zero yields a system of equations. 
This system gives a trivial solution for Xj, yi and Zi 

i.e either x\ — yi — zi — Q or X2 — y2 — Z2 — Q or both. Thus,there is no such 
|e, /) G R{pa) , such that |e,/*) e R{p^'^). This again buttresses the fact that pa is an 
edge state [9] . 

4 Construction of the Witness operator 

In this section we construct an entanglement witness for the edge state as given in (1) . 
As given in [9] a non-decomposable witness to detect a PPTES is of the form 

W^P + Q^'' -el (6) 

where P can be taken to be a projector on the kernel of Pa and Q a projector on the 
kernel of pl^ and e = m/|e,/)(e, /|P + g^^|e, /). 
The projector on the kernel of {pa) is: 

P = |00)(00| + c|00)(20| - |00)(22| + c|20)(00| + (7) 
c^|20)(20| - c|20)(22| - |22)(00| - c|22)(20| + 
|22)(22| + |11)(11| + c|ll)(20| - |11)(22| + 
+c|20)(ll| + c^|20)(20| - c|20)(22| - |22)(11| + 

-c|22)(20| + |22)(22| 

The partial transpose of the projector on the kernel of p^^ is: 

= (i2|Q2)^02| - (i2|00)(22| - (i2|02)(22| - (i2|22)(00| (8) 
+d2|20)(20| + (i|22)(20| - d\22){02\ + rf|20)(22| 
+|22)(22| + |12)(12| - |11)(22| - |22)(11| 
+ |21)(21| + |01)(01| - |00)(11| - |11)(00| + |10)(10| 



6 



where c = ^ and d = We obtain e = m/|e,/)(e, /|P + g^^|e, /) = (3^. 

Hence, the entanglement witness is obtained as : 
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With the matrix W thus obtained we get the result 

Tr(VFp„) = —s — — (ga'^i)2 • thus detecting p„ as an entangled state. 

For completeness we must mention the following two observations: 

(1) The witness (9) was constructed using methods given in [9]. However the witness is 
not optimal [12] as can be easily seen by subtracting the projector ||00)(00| from it and 
still obtaining another witness. 

(2) The approach used here to construct the witness as given in [9] is analytic in nature 
and different from the approach in [13]. The method used in [13] is numerical and use 
semi-definite programs to obtain an witness which arises as a feasible solution to the dual 
semi-definite program. 

We thus ,in this letter have shown that the class of states in C'^ as proposed in [7] 
is an edge state. Further we have shown extreme violation of the range criterion by the 
state. We have obtained an entanglement witness to detect the entanglement of the said 
state. 



(9) 
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